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INTEGRABLE SYSTEMS FROM MEMBRANES ON AdS4 × S7
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We describe how Neumann and Neumann-Rosochatius type integrable systems, as
well as the continuous limit of the SU(2) integrable spin chain, can be obtained from
membranes on AdS4 × S7 background, in the framework of AdS/CFT correspondence.
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1 Introduction
The 2-branes (membranes) and 5-branes are the fundamental dynamical objects in
the eleven dimensional M-theory, which is the strong coupling limit of the five super-
string theories in ten dimensions, and whose low energy field theory limit is the eleven
dimensional supergravity.
It is known that large class of classical string solutions in the type IIB AdS5 × S5
background is related to the Neumann and Neumann-Rosochatius integrable systems,
including recently discovered spiky strings and giant magnons [1]. It is also interesting
if these integrable systems can be associated with some membrane configurations in M-
theory. We explain here how this can be achieved by considering membrane embedding
in AdS4 × S7 solution of M-theory, with the desired properties.
On the other hand, we will show the existence of membrane configurations inAdS4×S7,
which correspond to the continuous limit of the SU(2) integrable spin chain , arising in
N = 4 SYM in four dimensions, dual to strings in AdS5 × S5 [2].
2 Membranes on AdS4 × S7
We start with the following membrane action
S =
∫
d3ξL (2.1)
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1
=
∫
d3ξ
{
1
4λ0
[
G00 − 2λjG0j + λiλjGij −
(
2λ0T2
)2
detGij
]
+ T2C012
}
,
where
Gmn = gMN(X)∂mX
M∂nX
N , C012 = cMNP (X)∂0X
M∂1X
N∂2X
P ,
∂m = ∂/∂ξ
m, m = (0, i) = (0, 1, 2),
(ξ0, ξ1, ξ2) = (τ, σ1, σ2), M = (0, 1, . . . , 10),
are the fields induced on the membrane worldvolume from the background metric gMN
and the background 3-form gauge field cMNP , λ
m are Lagrange multipliers, xM = XM(ξ)
are the membrane embedding coordinates, and T2 is its tension. As shown in [3], the
above action is classically equivalent to the Nambu-Goto type action
SNG = −T2
∫
d3ξ
(√
− detGmn − 1
6
εmnp∂mX
M∂nX
N∂pX
P cMNP
)
and to the Polyakov type action
SP = −T2
2
∫
d3ξ
[√−γ (γmnGmn − 1)− 1
3
εmnp∂mX
M∂nX
N∂pX
P cMNP
]
,
where γmn is the auxiliary worldvolume metric and γ = det γmn. In addition, the action
(2.1) gives a unified description for the tensile and tensionless membranes.
The equations of motion for the Lagrange multipliers λm generate the constraints
G00 − 2λjG0j + λiλjGij +
(
2λ0T2
)2
detGij = 0, (2.2)
G0j − λiGij = 0. (2.3)
Further on, we will work in diagonal worldvolume gauge λi = 0, in which the action
(2.1) and the constraints (2.2), (2.3) simplify to
SM =
∫
d3ξLM =
∫
d3ξ
{
1
4λ0
[
G00 −
(
2λ0T2
)2
detGij
]
+ T2C012
}
, (2.4)
G00 +
(
2λ0T2
)2
detGij = 0, (2.5)
G0i = 0. (2.6)
Let us note that the action (2.4) and the constraints (2.5), (2.6) coincide with the usually
used gauge fixed Polyakov type action and constraints after the following identification of
the parameters 2λ0T2 = L = const (see for instance [4]).
Searching for membrane configurations in AdS4 × S7, which correspond to the Neu-
mann or Neumann-Rosochatius integrable systems, we should first eliminate the mem-
brane interaction with the background 3-form field on AdS4, to ensure more close analogy
with the strings on AdS5 × S5. To make our choice, let us write down the background.
It can be parameterized as follows
ds2 = (2lpR)2
[
− cosh2 ρdt2 + dρ2 + sinh2 ρ
(
dα2 + sin2 αdβ2
)
+ 4dΩ27
]
,
dΩ27 = dψ
2
1 + cos
2 ψ1dϕ
2
1
+ sin2 ψ1
[
dψ22 + cos
2 ψ2dϕ
2
2 + sin
2 ψ2
(
dψ23 + cos
2 ψ3dϕ
2
3 + sin
2 ψ3dϕ
2
4
)]
,
c(3) = (2lpR)3 sinh3 ρ sinαdt ∧ dα ∧ dβ.
2
Since we want the membrane to have nonzero conserved energy and spin on AdS, one
possible choice, for which the interaction with the c(3) field disappears, is to fix the angle
α: α = α0 = const. The metric of the corresponding subspace of AdS4 is
ds2sub = (2lpR)2
[
− cosh2 ρdt2 + dρ2 + sinh2 ρd(β sinα0)2
]
.
The appropriate membrane embedding into ds2sub and S
7 is
Zµ = 2lpRrµ(ξm)eiφµ(ξm), µ = (0, 1), φµ = (φ0, φ1) = (t, β sinα0),
Wa = 4lpRra(ξm)eiϕa(ξm), a = (1, 2, 3, 4),
where rµ and ra are real functions of ξ
m, while φµ and ϕa are the isometric coordinates
on which the background metric does not depend. The six complex coordinates Zµ, Wa
are restricted by the two real embedding constraints
ηµνZµZ¯ν + (2lpR)2 = 0, ηµν = (−1, 1), δabWaW¯b − (4lpR)2 = 0,
or equivalently
ηµνrµrν + 1 = 0, δabrarb − 1 = 0.
The coordinates rµ, ra are connected to the initial coordinates, on which the background
depends, through the equalities
r0 = cosh ρ, r1 = sinh ρ,
r1 = cosψ1, r2 = sinψ1 cosψ2,
r3 = sinψ1 sinψ2 cosψ3, r4 = sinψ1 sinψ2 sinψ3.
For the embedding described above, the induced metric is given by
Gmn = η
µν∂(mZµ∂n)Z¯ν + δab∂(mWa∂n)W¯b = (2.7)
(2lpR)2

 1∑
µ,ν=0
ηµν
(
∂mrµ∂nrν + r
2
µ∂mφµ∂nφν
)
+ 4
4∑
a=1
(
∂mra∂nra + r
2
a∂mϕa∂nϕa
) .
Correspondingly, the membrane Lagrangian becomes
L = LM + ΛA(ηµνrµrν + 1) + ΛS(δabrarb − 1),
where ΛA and ΛS are Lagrange multipliers.
2.1 Neumann and Neumann-Rosochatius integrable systems
from membranes
Let us consider the following particular case of the above membrane embedding [5]
Z0 = 2lpReiκτ , Z1 = 0, Wa = 4lpRra(ξ, η)ei[ωaτ+µa(ξ,η)], (2.8)
ξ = ασ1 + βτ, η = γσ2 + δτ,
3
which implies
r0 = 1, r1 = 0, φ0 = t = κτ, ϕa(ξ
m) = ϕa(τ, σ1, σ2) = ωaτ + µa(ξ, η). (2.9)
Here κ, ωa, α, β, γ, δ are parameters, whereas ra(ξ, η), µa(ξ, η) are arbitrary functions.
As a consequence, the embedding constraint ηµνrµrν + 1 = 0 is satisfied identically. For
this ansatz, the membrane Lagrangian takes the form (∂ξ = ∂/∂ξ, ∂η = ∂/∂η)
L = −(4lpR)
2
4λ0


(
8λ0T2lpRαγ
)2 4∑
a<b=1
[
(∂ξra∂ηrb − ∂ηra∂ξrb)2
+ (∂ξra∂ηµb − ∂ηra∂ξµb)2r2b + (∂ξµa∂ηrb − ∂ηµa∂ξrb)2r2a
+ (∂ξµa∂ηµb − ∂ηµa∂ξµb)2r2ar2b
]
+
4∑
a=1
[(
8λ0T2lpRαγ
)2
(∂ξra∂ηµa − ∂ηra∂ξµa)2 − (β∂ξµa + δ∂ηµa + ωa)2
]
r2a
−
4∑
a=1
(β∂ξra + δ∂ηra)
2 + (κ/2)2
}
+ ΛS
(
4∑
a=1
r2a − 1
)
.
Now, we make the choice
r1 = r1(ξ), r2 = r2(ξ), ω3 = ±ω4 = ω,
r3 = r3(η) = ǫ sin(bη + c), r4 = r4(η) = ǫ cos(bη + c),
µ1 = µ1(ξ), µ2 = µ2(ξ), µ3, µ4 = constants,
and receive (prime is used for d/dξ)
L = −(4lpR)
2
4λ0


2∑
a=1
[
(A2 − β2)r′2a + (A2 − β2)r2a
(
µ′a −
βωa
A2 − β2
)2
− A
2
A2 − β2ω
2
ar
2
a


+ (κ/2)2 − ǫ2(ω2 + b2δ2)
}
+ ΛS
[
2∑
a=1
r2a − (1− ǫ2)
]
,
where A2 ≡ (8λ0T2lpRǫbαγ)2. A single time integration of the equations of motion for µa
following from the above Lagrangian gives
µ′a =
1
A2 − β2
(
Ca
r2a
+ βωa
)
,
where Ca are arbitrary constants. Taking this into account, one obtains the following
effective Lagrangian for the coordinates ra(ξ)
L =
(4lpR)2
4λ0
2∑
a=1
[
(A2 − β2)r′2a −
1
A2 − β2
C2a
r2a
− A
2
A2 − β2ω
2
ar
2
a
]
+ΛS
[
2∑
a=1
r2a − (1− ǫ2)
]
.
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This Lagrangian in full analogy with the string considerations corresponds to particular
case of the n-dimensional Neumann-Rosochatius integrable system. For Ca = 0 one ob-
tains Neumann integrable system, which describes two-dimensional harmonic oscillator,
constrained to remain on a circle of radius
√
1− ǫ2.
Let us write down the three constraints (2.5), (2.6) for the present case. To achieve
more close correspondence with the string on AdS5×S5, we want the third one, G02 = 0,
to be satisfied identically. To this end, since G02 ∼ (ab)2γδ, we set δ = 0, i.e. η = γσ2.
Then, the first two constraints give
2∑
a=1
[
(A2 − β2)r′2a +
1
A2 − β2
C2a
r2a
+
A2
A2 − β2ω
2
ar
2
a
]
=
A2 + β2
A2 − β2
[
(κ/2)2 − (ǫω)2
]
,
2∑
a=1
ωaCa + β
[
(κ/2)2 − (ǫω)2
]
= 0. (2.10)
2.2 Energy and angular momenta
Due to the background isometries, there exist global conserved charges. In our case, the
background does not depend on φ0 = t and ϕa. Therefore, the corresponding conserved
quantities are the membrane energy E and four angular momenta Ja, given as spatial
integrals of the conjugated to these coordinates momentum densities
E = −
∫
d2σ
∂L
∂(∂0t)
, Ja =
∫
d2σ
∂L
∂(∂0ϕa)
, a = 1, 2, 3, 4.
E and Ja can be computed by using the expression (2.7) for the induced metric and the
ansats (2.8), (2.9).
In order to reproduce the string case, we can set ω = 0, and thus J3 = J4 = 0. The
energy and the other two angular momenta are given by
E =
4π(lpR)2κ
λ0α
∫
dξ, Ja =
π(4lpR)2
λ0α(A2 − β2)
∫
dξ
(
βCa + A
2ωar
2
a
)
, a = 1, 2.
From here, by using the constraints (2.10), one obtains the energy-charge relation
4
A2 − β2
[
A2(1− ǫ2) + β
2∑
a=1
Ca
ωa
]
E
κ
=
2∑
a=1
Ja
ωa
,
in full analogy with the string case. Namely, for strings on AdS5 × S5, the result in
conformal gauge is [1]
1
α2 − β2
(
α2 + β
∑
a
Ca
ωa
)
E
κ
=
∑
a
Ja
ωa
.
Let us point out that the membrane configuration considered here corresponds ex-
actly to the string embedding in the R × S5 subspace of AdS5 × S5 solution of type IIB
string theory, which is known to lead the Neumann and Neumann-Rosochatius dynamical
systems [1], including recently discovered giant magnon and spiky string configurations.
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3 SU(2) spin chain from membrane
One of the predictions of AdS/CFT duality is that the string theory onAdS5×S5 should
be dual to N = 4 SYM theory in four dimensions. The spectrum of the string states and
of the operators in SYM should be the same. The first checks of this conjecture beyond
the supergravity approximation revealed that there exist string configurations, whose
energies in the semiclassical limit are related to the anomalous dimensions of certain
gauge invariant operators in the planar SYM. On the field theory side, it was found
that the corresponding dilatation operator is connected to the Hamiltonian of integrable
Heisenberg spin chain. On the other hand, it was established that there is agreement at
the level of actions between the continuous limit of the SU(2) spin chain arising in N = 4
SYM theory and a certain limit of the string action in AdS5 × S5 background. Shortly
after, it was shown that such equivalence also holds for the SU(3) and SL(2) cases.
Here, we are interested in answering the question: is it possible to reproduce this
type of string/spin chain correspondence from membranes on eleven dimensional curved
backgrounds? It turns out that the answer is positive at least for the case of M2-branes
on AdS4 × S7, as we will show below [6].
We will use our initial membrane embedding and fix
Z0 = 2lpReiκτ , Z1 = 0,
which implies r0 = 1, r1 = 0, φ0 = t = κτ . Let us now introduce new coordinates by
setting
(ϕ1, ϕ2, ϕ3, ϕ4) =
(
κ
2
τ + α + ϕ,
κ
2
τ + α− ϕ, κ
2
τ + α + φ,
κ
2
τ + α− φ˜
)
and take the limit κ → ∞, ∂0 → 0, κ∂0 - finite. In this limit, we obtain the following
expression for the membrane Lagrangian
L = (2lpR)
2
λ0
κ
(
∂0α +
3∑
k=1
νk∂0ρk
)
− λ0T 22 (4lpR)4


4∑
a<b=1
(∂1ra∂2rb − ∂2ra∂1rb)2
+
4∑
a=1
3∑
k=1
µk(∂1ra∂2ρk − ∂2ra∂1ρk)2 −
4∑
a=1
(
∂1ra
3∑
k=1
νk∂2ρk − ∂2ra
3∑
k=1
νk∂1ρk
)2
+
3∑
k<n=1
µkµn(∂1ρk∂2ρn − ∂2ρk∂1ρn)2
−
3∑
k=1
µk
(
∂1ρk
3∑
n=1
νn∂2ρn − ∂2ρk
3∑
n=1
νn∂1ρn
)2
+ ΛS
(
4∑
a=1
r2a − 1
)
,
where
(µ1, µ2, µ3) = (r
2
1 + r
2
2, r
2
3, r
2
4), (ν1, ν2, ν3) = (r
2
1 − r22, r23,−r24), (ρ1, ρ2, ρ3) = (ϕ, φ, φ˜).
Now, we are ready to face our main problem: how to reduce this Lagrangian to the one
corresponding to the thermodynamic limit of spin chain, without shrinking the membrane
6
to string? We propose the following solution of this task:
α = α(τ, σ1), r1 = r1(τ, σ1), r2 = r2(τ, σ1),
r3 = r3(τ, σ2) = ǫ sin[bσ2 + c(τ)], r4 = r4(τ, σ2) = ǫ cos[bσ2 + c(τ)],
ϕ = ϕ(τ, σ1), ǫ, b, φ, φ˜ = constants, ǫ
2 < 1.
These restrictions lead to
L = (2lpR)
2
λ0
κ
[
∂0α + (r
2
1 − r22)∂0ϕ
]
− λ0(ǫbT2)2(4lpR)4
{
2∑
a=1
(∂1ra)
2
+
[
(r21 + r
2
2)− (r21 − r22)2
]
(∂1ϕ)
2
}
+ ΛS
[
2∑
a=1
r2a − (1− ǫ2)
]
.
If we introduce the parametrization
r1 = (1− ǫ2)1/2 cosψ, r2 = (1− ǫ2)1/2 sinψ,
the new variable α˜=α/(1− ǫ2), and take the limit ǫ2 → 0 neglecting the therms of order
higher than ǫ2, we will receive
L
1− ǫ2 =
(2lpR)2
λ0
κ [∂0α˜ + cos(2ψ)∂0ϕ]− λ0(ǫbT2)2(4lpR)4
[
(∂1ψ)
2 + sin2(2ψ)(∂1ϕ)
2
]
.
As for the membrane action corresponding to the above Lagrangian, it can be represented
in the form
SM =
J
2π
∫
dtdσ [∂tα˜ + cos(2ψ)∂tϕ]− λ˜
4πJ
∫
dtdσ
[
(∂σψ)
2 + sin2(2ψ)(∂σϕ)
2
]
,
where J is the angular momentum conjugated to α˜, t = κτ and
λ˜ = 215(π2ǫbT2)
2(lpR)6.
This action corresponds to the thermodynamic limit of SU(2) integrable spin chain [2].
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